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Abstract: We develop a method to identify the BPS states in the Hilbert space 
of a supersymmetric field theory on a generic curved space which preserves at least 
two real supercharges. We also propose a one-to-one map between BPS states in d- 
dimensional field theories and states that contribute to the supersymmetric partition 
function of a corresponding (d — l)-dimensional field theory. As an application we 
obtain the superconformal index on rounded and squashed three spheres, and we show 
a natural reduction of the respective indices to the three-dimensional exact partition 
functions. We discuss the validity of the correspondence both at the perturbative and 
at the non-perturbative level and exploit the idea to uplift the computation of the exact 
supersymmetric partition function on a general manifold to a higher dimensional index. 
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1 Introduction 

Supersymmetric field theories on curved backgrounds are of great interest due to the 
fact that they capture the full quantum information about quantities of the correspond- 
ing field theory defined on flat space, where the same exact quantum results would be 
difficult to find. 

Different choices of the background manifold correspond to a different information 
about the flat space theory. One of the first examples has been T 3 xl [1], where the 
supersymmetric partition function counts supersymmetric vacua and has been dubbed 
index (see also [2]). Because it is an integer number, it cannot depend upon the 
continuous superpotential and gauge couplings, under mild assumptions. More recently 
another manifold, the Euclidean S 3 x S , has attracted much attention, because in this 
case the supersymmetric partition function is an index that counts a reduced set of 
states of the flat space theory, namely the BPS states [3, 4]. The latter are protected 
by supersymmetry so that a weak coupling computation can be continued to strong 
coupling and compared in the AdS / CFT framework to the computation of the graviton 
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index in AdS space. The matching of the two indices on the two sides corroborates 
the conjectured duality between them. This is only one of the calculable exact results. 
By using localization [5], we can in principle compute the supersymmetric partition 
function (see [6]) on any manifold that preserves at least one complex supercharge (or, 
in Euclidean space, two real supercharges), by reducing it to a matrix model, i.e. a 
finite dimensional ordinary integral. 

Turning back to the case of the four-dimensional index, there are many available 
methods to obtain the matrix model formula for it. In [3, 7, 8] the BPS states on the 
sphere have been found explicitly from the knowledge of the spectrum of the Laplace 
operator: one needs to find the eigenmodes of the Laplace and Dirac operator on 
the sphere and sum over all the modes. Many of the bosonic modes will cancel out 
against the fermionic ones, and one finds that only the BPS modes contribute to the 
index. This is the most direct method, but it is in practice very difficult to work out 
on generic supersymmetry preserving manifolds. Another method is to compute the 
letter index [4] for theories defined on a conformally flat background. In these cases, 
it is straightforward to obtain the quantum numbers of the curved space fields because 
conformal mapping relates them to their flat space counterpart. We can then identify 
the operators that saturate the BPS inequality. Nevertheless it is not simple to extend 
this method to backgrounds that are not conformally flat. Finally, one can consider 
using localization. This amounts to picking a Q-exact term, generically related to the 
supersymmetry transformations, and evaluate the ratio of two determinants, which 
represents the full quantum corrections to the quantity one is considering 1 . 

Because of the difficulties of applying the previous methods to other manifolds, it 
is simpler to identify just the BPS states in the Hilbert space. One of the purposes 
of this paper is to develop a method to achieve this aim. The essential logic relies on 
the fact that the non-BPS modes are paired up by supersymmetry and hence the BPS 
modes correspond to the kernel of the boson-fermion map. The problem boils down to 
a set of first order differential equations. 

We also argue a general relation between the BPS states and the set of states that 
contribute non trivially to a corresponding partition function in one dimension less. 
More precisely, we will see that there exists a one-to-one map between these two sets of 
states, and we identify the energy of each BPS state with the quantum contribution of 
the dimensionally reduced state to the supersymmetric partition function. This relation 
has two immediate consequences. The first one is that an index in d dimensions reduces 
to a supersymmetric partition function for the dimensionally reduced field theory, thus 
providing an argument which generalizes previous observations for the three-sphere 

1 Recently the J\f = 4 superconformal index has been computed from localization in [9]. 
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[10-12]. 

Another consequence is the following. Since the states contributing to the parti- 
tion function are the BPS states in one higher dimension, we can uplift the quantum 
contribution to the partition function to the computation of the energies of BPS states 
in one higher dimension and use the method outlined above. In this way, we only need 
to know the uplifted supersymmetry transformations and read from them the pairing 
map. We believe that this leads to a simplification in the computation of exact partition 
functions. 

The paper is organized as follows. In section 2 we review the definitions for the 
quantities we are interested in, and explain our method to identify the BPS states in a 
general field theory. We also describe in full detail the relation between <i-dimensional 
BPS states and the (d — 1) -dimensional physical states, focusing on the Ad/3d case 
for concreteness. In section 3 we show how the computations can be worked out for 
the examples of the round and squashed spheres. We give all the necessary details to 
explicitly perform the computation, review previous results and discuss the physical 
meaning of our results applied to the cases at hand. The reduction of these two indices 
to the corresponding three-dimensional partition functions is shown in section 4. In 
section 5 we discuss generalizations of our technique to compute the index to other 
manifolds and dimensions, while the idea to uplift the computation of the partition 
function to a higher dimensional index is developed in section 6. 

2 A correspondence between 4d and 3d states 

One of the aims of the present paper is to develop a method to identify the BPS states 
and to compute the supersymmetric index and the partition function on a general class 
of manifolds. In doing that, we will point out a connection between these two objects 
in different dimensions. To be concrete, in this section we focus on the 4d/3d case. 

Given a three-dimensional manifold that preserves some supersymmetry, and 
given a four dimensional supersymmetric theory defined on X = x S 1 , we can define 
two different quantities. The first one is the four dimensional superconformal index, 
defined on X, that only takes contributions from BPS states. It is the supersymmetric 
partition function 

l sp (t, yi ) = Tr(-) F e-™t H l[y? (2.1) 

i 

where H = {<5,Q^}, F is the fermion number and the trace is taken over every state 
in the theory. H and the 7's form a complete set of operators that commute with the 
conserved supercharge Q. In the following, we will call H the energy operator and its 
eigenvalues the energies of the corresponding eigenstates. Moreover, the time direction 
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is identified with the circle and is thus periodic with period r. The statement that the 
quantity (2.1) only takes contributions from BPS states means that for each bosonic 
state with S / there exists a fermionic state with the same (S, H, 7^) quantum 
numbers; thus, the index turns out to be independent of r due to the boson-fermion 
cancellations, and the trace can be taken over the Hilbert space of H = states. 2 The 
index in (2.1) is the single particle index. In the case of a gauge theory one has to sum 
over all the possible gauge invariant configurations. 

On the other hand, we can reduce the given supersymmetric theory on Ai 3 itself 
and compute, at least in principle, the exact partition function for this theory via 
localization. The latter reduces the partition function to the matrix integral 



J M 3 



where [da] represents the measure over the Cartan of the gauge group. We have set 
the following notation for the two quantities we are interested in. We denote by S* the 
classical action evaluated at the saddle points, while the exact quantum contribution 
from the generic superfield $ is 

- PfZV (2.3) 



Vdet D B 



where Dp and Db are, respectively, a linear first order and second order differential 
operator, and <3> labels both the chiral and gauge multiplets. 3 A boson-fermion can- 
cellation manifests itself in the fact that some of the eigenvalues simplify between the 
numerator and the denominator in (2.3). 

We argue that the BPS states that contribute to (2.1) are in one-to-one correspon- 
dence to the states contributing to (2.3). More precisely, for each four-dimensional 
BPS state with eigenvalue E of H there is a three-dimensional state for which E is an 
eigenvalue of the Db or of Dp in the case of boson or fermion respectively. 

These states can be found by solving a first order differential equation that can be 
directly read from the supersymmetry transformations of the four dimensional theory. 
Finally, the saddle points in (2.2) correspond to the zero energy states in the BPS 
spectrum: it follows that, if there is no zero energy solution for a four-dimensional field 
$, the only three-dimensional saddle point corresponds to $ = 0. We will give more 
details on this point in section 4. 



2 By a "state" of the theory we mean a configuration field which solves the equations of motion. 

3 Thc three-dimensional action may not be derived by dimensional reduction of a corresponding 
four-dimensional theory. This is the case, for instance, when a Chern-Simons term is present. The one 
loop determinants are not sensitive to these contributions and our results also hold in those cases. 
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An argument for this correspondence is the following. It is well known that the 
index (2.1) does not depend on the radius of the compact time direction and thus it 
does not change even when we shrink the circle to zero size. More precisely, consider 
a fermionic state ip of a four-dimensional theory and define a corresponding bosonic 
state 

= OA (2-4) 

where ( is the Killing spinor which commutes with the BPS condition. Then <p has the 
same (S, H, 7^) quantum numbers and will cancel the contribution of 1/) in (2.1), unless 
4> = or, equivalently, ip = (F, with F a scalar function with the same (£, H, 7^) 
quantum numbers of 1/). If -0 is a state of the theory it satisfies the corresponding 
equation of motion: if we set ip ~ -03(x)e Et , it is thus easy to recognize that the four- 
dimensional equation of motion can be interpreted as the eigenvalue equation for a 
three-dimensional fermion with eigenvalue E. 

We now consider the bosonic states that contribute to the index: we set up a map 
from the bosonic spectrum to the fermionic one by 

= ia^D^ (2.5) 

which is an infinitesimal supersymmetry transformation (see below and section 3.1). 
We see that every boson that contributes to the index is given by a^QD^cf) = 0. Once 
again, this can be interpreted as an eigenvalue equation for a three-dimensional bosonic 
mode that contributes non trivially to the partition function. 

The argument above can be cast in the following form. In four dimensions, the 
supersymmetry transformations for the chiral multiplet are 

5i/j = (F + ia>*(D lx (f) (2.6) 
5F = lan>y& 

where our conventions are explained in section 3.1. Notice that the fermion equation 
of motion implies 5F = 0. This is a necessary condition that must be satisfied by the 
fermionic degrees of freedom. 

The map that identifies the BPS states can be found to be 

fermion: ip = (F and a^V^tp = 
boson: ia^D^cj) = ^ ' ' 

We further notice the following. The system (2.7) implies l^l 2 = (in the absence of F- 
terms), and when the fields are independent on the time direction, we can dimensionally 



- 5 - 



reduce the latter equation which becomes the three-dimensional saddle point equation 
used in the localization setting. 

We now turn to the vector multiplet. Once again we can set up a map between the 
bosonic and the fermionic Hilbert space by using the supersymmetry transformations. 
Analogously to the discussion above, all the contributions will cancel out but those 
coming from the zero modes of the map. 

In four dimensions, the physical fields in the vector multiplet are a gauge field 
and the gaugino A. The supersymmetry transformations are 



where once again 5D = is a necessary condition for the gaugino degrees of freedom. 

In the first line we had set the gauge field to a pure gauge configuration because 
any such solution does not give rise to a state in the Hilbert space of the theory and 
hence the gaugino does not have a superpartner state. Alternatively, we could have 
considered the map between the field strength and the gaugino, which leads to the 
same condition. It is easy to see that the zero energy solutions to (2.8) reduce to the 
three-dimensional saddle point equations for a three-dimensional Q-exact action. The 
set of non-trivial solutions for A and F^ v gives the Hilbert space we have to trace over 
in equation (2.1), or alternatively the spectrum of eigenvalues contributing to (2.3). 

To summarize, we are led to the conclusion that a priori different exact results in 
different dimensions are related one to the other. The reduction of the four-dimensional 
index to the three-dimensional partition function follows directly from the proposed 
connection between the four-dimensional and three-dimensional states. While we will 
give more details on this point in section 4, we stress here that our claim is stronger 
than the dimensional reduction of the superconformal index to the partition function, 
because we set up a one-to-one map between states and eigenvalues of different opera- 
tors. 

On the one hand we look for eigenstates of the four-dimensional Hamiltonian, on 
the other hand we look for eigenstates of the equations of motion derived from a Q- 
exact three-dimensional Lagrangian, that contributes to the partition function. While 
the former is a first order differential operator, the latter is in general a second order 
one. 



SVf, = <0>A - z'C5>A 
5X = (D + ia^F^C 
SD = i(a»V^X - iCcr^S 




The map that identifies BPS states can be found to be 



gaugino: — iC&^X = d^ip and io^V^X = 



(2.9) 



gauge boson: ia^F^C, = 
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In the next section we will explicitly check our proposal in two cases: Ai% = S 3 , 
in which case we can compare with known results, and .M3 = S%, with 5| a squashed 
sphere. In the latter case, because the index is a topological invariant, it can be cast in 
the same form as the index on a sphere via a redefinition of its arguments. However, we 
show that one can keep the original definitions and define a natural limit to recover the 
three-dimensional partition function on the squashed three-sphere computed in [13]. We 
thus conclude that, although the index does not carry different physical information on 
different but topologically equivalent manifolds, it contains different information when 
we reduce the four- dimensional theory to a three-dimensional one by shrinking the time 
circle. It thus becomes interesting, from a three-dimensional point of view, to compute 
the four- dimensional index even on topologically equivalent manifolds. 

3 Examples: sphere and squashed spheres 

3.1 Review of rigid supersymmetry on a curved manifold 

We review here a simple and recent procedure to place an M = 1 supersymmetric theory 
on a curved four- dimensional manifold [14]. The basic idea is to start with M = 1 
supergravity and take an appropriate limit such as to decouple gravity but preserve 
the classical background configuration. Because a convenient off-shell formulation and 
its couplings to matter fields are known, the gravitino supersymmetry transformation 
looks very simple [15, 16] 



where qA and qy are the charges ( under the A and V background gauge fields) of the 
field on which the covariant derivative is acting on. For the Killing spinor (, q A = 1 
and q v = —1, and ( has opposite quantum numbers. Because gravity is decoupled, 
one can give an expectation value to the background gauge fields A and V and to the 
metric without having to take care of their equations of motion. 

Once we have found a solution to = and Sx/j^ = 0, the supersymmetry 
transformations of the matter fields are 



V M - iqAA/j 
Dp - iqyVp 



(3.1) 



= (F + ia^D^ 
5F = (a^V^ 





4 = 1/2 
4 = 3/2 



1/2 



(3.2) 
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for the chiral multiplet, and, in the Wess-Zumino gauge, 





= iCa^X - iCa^X 


Q v a 


= 


q v v = 


-1/2 


SX -- 






= 1 


Qv = 


-3/2 


5D 


= i^V^X - iC^V^X 


<& 


= 




-1/2 



(3.3) 



for the vector multiplet. An action which is invariant under these supersymmetry 
transformations is 4 

C = C B + C F (3.4) 
C B ( 1 3, 



^ ~ 2 V ^) ?# " D^Dy + F F 
+iV» (0^0 - <j>D^) + -F^ + \d 2 



4 p 2 
C F 

— = -iXa^V u X - i^VJ) 
3.2 Supersymmetry on a general squashed sphere 

In this section we present all the necessary results to work out the examples of the 
sphere and the squashed sphere to be described in full details in the next sections. We 
give the full expressions in the case of the squashed sphere, while supersymmetry on 
the sphere is recovered by taking an appropriate limit. Some of the results shown here 
can be also found in [17, 18]. 

The squashed sphere enjoys a U(l) 2 isometry. The latter is made manifest if 
we choose the Hopf coordinates x M = {£, 9, a, /?}, with \i = 1, . . . , 4, such as t denotes 
the Euclidean time coordinate compactified on a circle. The coordinates a and f3 have 
range [0,27r) while 9 e [0,7r/2]. The metric reads 

d s 2 = dt 2 + f{9) 2 d9 2 + a 2 cos{9) 2 da 2 + b 2 sm{9) 2 df3 2 (3.5) 

where f(9) is regular on (0, 7r/2) and and /(0) = b and /(7r/2) = a. Moreover the 
manifold even if compact can also be locally hyperbolic. The Ricci tensor is 

6/(fl)+4cot(2fl)/'(fl) 

n = jw ( } 

In principle, we could have introduced two parameters, say R\ and R 2 , multiplying the 
time and squashed sphere terms respectively in the metric. The gravitino variation 



4 We are considering Euclidean signature. The derivatives should be understood to be covariant with 
respect to the gauge field too, but due to the invariance of the index under continuous transformations, 
we can switch off the gauge coupling without changing the result. 
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then imposes R\ = R2, and the overall factor can be set to unity by a redefinition of 
the time period, which does not affect our computations. 

The Killing spinor equations in the new minimal formalism are solved by 




Vpdx* 



dt 



dt 



a - I da + ( - 
2f{9)) \2 



7=2 



e2- 



(3.7) 



2f(9) 



d(3 



which shows that, for generic squashing parameters a, h there are two supercharges. 
In the round sphere limit we can find two more Killing spinors, showing that the 
manifold enjoys four supercharges. Our results only rely on the existence of two real 
supercharges, and we choose (3.7) which is a convenient choice both for the sphere and 
the squashed spheres. 

With our choice of background fields, the algebra involving the two supercharges 
above is 

R (\ 1 
~2 V a + b 



[H,Q] = 
[R,Q] = -Q 

H = d t 



{Q,Q} = h 



~ R 


n i\ 


2J 3 + - 






Va b) 



,Q 



2J 3 



~d n ~ -dp 



(I 



f- 2J 3 
= 
2J 3 e 



(3.{ 



-d n 



From the supersymmetric action 
C ( 1„ 
y/9 



2f< 



- D^Dy + FF 



-F U1/ F" U + -D 2 
4 2 



we can derive the following equations of motion 



(3.9) 



f 

= idPV^ = 
A\A = zct m £> A = 



2f 



(3.10) 



where J u is an appropriate current which vanishes in the Qym ~^ limit. 
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3.3 The three sphere 

In this section we apply the proposal explained above to the calculation of the super- 
conformal index on S 3 x S 1 , and show that it agrees with previous results [3, 4]. We 
start by reviewing the calculation of the index in terms of the expansion of the field con- 
figurations in spherical harmonics. There are two multiplets contributing to the index, 
the chiral multiplet $ = (</>, ip) with R[4>\ = q and the vector multiplet V = (v , A). 

The harmonic expansion has first been done in [7, 8] and we report it here with 
conventions adapted to Euclidean signature. The algebra chosen there coincides with 
the round sphere limit of our equation (3.8), so the definition of the index works without 
further changes. 

The eigenvalues of the Laplace operator acting on scalars on the three-sphere are 
+ 2), with j a nonnegative integer. By plugging the expansion scalar field 

$ = J2^ + (n)e E + {n)t + ci$l(n)e E - {n)t (3.11) 

in the equation of motion, one sees that, including the R-charge contribution, the 
normal modes are 



Wave function 


E ( Jz, h) 


a n 


J + Q (§>§) 




-.7-2 + 5 (§,§) 



where j > and in the last column we have indicated the representation of the fields 
under the Cartan subgroup of the isometry group of the sphere. A field is in the 
(j/2, j/2) representation means that the j'3 and j'3 eigenvalues can range from — j/2 to 
j/2 at fixed j. 

An analogous expansion holds for the chiral fermion 

qi = b n y + (n)e E+{n)t + di¥_(n)e E - {n)t (3.12) 

n 

which gives 



Wave function 


E ( J 3 , J 3 ) 




3 + 9 (¥4) 


4 


-j + Q-1 (i¥) 



where + 1), j > 1, are the eigenvalues of the Laplace operator on spinors on the 
three-sphere. 

To compute the index, one has in principle to sum over all these states. However, 
we know that the index only takes contributions from BPS states, i.e. states that 
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Bosons 



Fermions 



E 

q+3 
q+2 
q+1 

q 

q-2 
1-3 
q-4 
q-5 



# 
16 

9 

4 



q+3 

q+2 
q+1 



q-2 

_ q-3 

q-4 

— q-5 



Figure 1. A schematic structure of the pairings among the modes. Here E is the energy of 
the mode and # is the number of bosonic and fermionic modes with a given energy. 



satisfy 5 = 0. It is easy to realize that this constraint fixes the j% = —j/2 particle 
state for the scalar field and the j'3 = j/2 antiparticle state for the fermion, while j'3 is 
unconstrained because it does not appear in S. By summing over all these states the 
contribution to the superconformal index of the chiral multiplet is 



D 

3,33 



■l) F e- TE t H y 2 ^ 



t q - t 2 - q 



(l-ty)(l-t/y) 



(3.13) 



This structure of pairing and un-pairing among the modes is explicitly shown in 
the Figure 1. In general, for j > 0, we have the following structure 





E + Degeneration 


E- Degeneration 


Boson 
Fermion 


j + q (j + l) 2 

j + q iO' + i) 


-j-2 + q (j + 1) 2 
-j-2 + q (j + l)(i + 2) 



The BPS modes are the modes unpaired in this table, and they are counted by the 
superconformal index as explained above. 

We can repeat the above procedure for the vector multiplet. In the case of the 
gaugino we have 



Wave function 


E ( J 3 , J 3 ) 


K 


j (¥4) 


4 


-i-i (i¥) 
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with j > 1. For the vector field one can expand in terms of the spin-1 spherical 
harmonics and the modes are 



Wave function 


E (J 3 , 




a n 




¥) 


c< 


-i-i 


¥) 



with j > 1. By summing over all these states the contribution of the vector multiplet 
to the superconformal index is 

V ~^} ] V (l-ty)(l-t/y) {S - U) 

3,3333 

In the rest of this section we apply our prescription to obtain the BPS states in a 
different way, in which it is not necessary to solve for the whole spectrum. We start 
by considering the metric as in (3.5) with a = b = 1. The two angles a and (3 can be 
associated to the Cartan subgroup of the SU{2) 2 isometry group of the metric. 

We start by solving the equation (2.7) for the BPS fermion in the chiral multiplet . 
Once we write the fermion as ip = (F and solve the equation ((F) = 0, we expand 
F as F = e Et+ma+im P g^(8) , where E is the eigenvalue associated to the S 1 and n and 
m are integer numbers associated to the two SU(2) in the S 3 , parameterized by the 
periodic coordinates a and P in the metric. We obtain 

g[p + i g^(2 + E + m + n — q + im cot 6 — intaxtO) =0 
9'ib ~ Wtp(^ + E + m + n — q — im cot 9 + in tan 6) = 

These two equation can be simultaneously solved for E = q — 2 — m — n and the solution 
is 

g^{0) = sin m #cos n # for #~0,tt/2 (3.16) 

that is square integrable if m, n > . This represents the contributions of the BPS 
fermion to the index. Because E is negative, we have found that the corresponding state 
is an antiparticle mode of the fermion. Thus, when we plug its quantum numbers in the 
index, we have to flip their signs: the energy of the field is E^> = —E = 2 — q + m + n. 
The other operator that commutes with the supercharge is J 3 that has eigenvalues 
m — n. The fermionic contribution to the index is then 

E f 2-q 
t n+m+2- q m-n = _ fo^s 
(i-ty)(i-t/y) 

We parameterize the BPS boson as <fi = e Et + ma + tm P g^(6) and the equation (2.5) be- 
comes 

9'<j> + W<t>{E + m + n — q — im cot 9 + in tan 6) = ,^ ^ 

4 — W<t>{E + m + n — q + im cot 9 + in tan 9) = 
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The two equations are compatible i£ E — q — m — n and the solution is 

and square integrability imposes m,n < 0. The BPS boson that contributes to the 
index is the particle in the expansion in terms of creation and annihilation operators, 
with energy 

E w = E _ The 

bosonic index is 

^Ef-'y"- {1 . tv ;i. t/v) (3-20) 

We now turn to the vector multiplet. In the case of the gaugino we read the pairing 
map from the transformation of F^ u . The BPS modes are the solution of the equation 

9 M (C^A) - 0„(C^A) = (3.21) 

This equation is solved by 

C^A = 8^ (3.22) 

Alternatively, one can require that the SUSY variation for gives a purely longitudinal 
field. We then impose the usual ansatz dictated by the U(l) symmetries 

$ = e Et+ian+lPm h^e) , A = e Et+ia{n+\)+ip{ m +l) f Al(0) \ (3 23) 

\M(v) J 

and we plug it in (3.22). Moreover we impose that A satisfies its equations of motion. 
In this way we find 

E = —m — n 

1 « , , „, ( tti n 



Ai(0) = -=£ h*{9) (^ + * 

V 2 V sin cos 



A 2 # = ~7=e *h* (9) + 
\/2 V sm0 



n 



y/2 V sin6> cos Q, 

h' 9 (0) = h<s,(9)(ntim9 -m cot 9) (3.24) 

The equation for h<f>(9) tells us that the solution is square integrable for m, n < 0, but 
we exclude the vanishing solution corresponding to (m, n) = (0, 0). Thus the energy is 
positive and the gaugino contribution to the index is 

^ ' (l-ty)(l-t/y) 1 ; 



\m,n=— oo 
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where the second term comes from subtracting the (m, n) = (0, 0) contribution. 

The gauge field works as follows. First we impose that the BPS equation is satisfied 



(T^CF^ = (3.26) 

We consider the Abelian case and define the components of the EM field as = F ti 
and 2Bi = €ijkFj k where the latin letters label the S 3 coordinates. We parametrize 
these fields with the ansatz 

£i(t, 9, a, (3) = e Et+ian+iprn £i{9) , B^t, 9, a, (3) = e BWan+i/Jro J B i (0) (3.27) 

From (3.26) we derive the following three equations 

esc 9 sec 9Bq + £g = y{9) 

esc 9B a -\- sec 9£ a = — % sin 9 y{ff) (3.28) 
sec 9Bp + esc 9£p = i cos 9 y{9) 

where y(9) is arbitrary. The other equations are the Maxwell equation (or equivalently 
the Bianchi identities and the equations of motion). The equations of motion T> fl F tlu = 
are 



-i (m sec 2 9£ a + n esc 2 9£ p ) +E -2 cot 29£ e - £' e = 



in esc 2 9B a — im sec 2 9Br + E £g — 



-in esc 2 9f 2 B e + tan OBp + E £ a - Bp + B' p = 
-im sec 2 9B e + cot 9B a + E£r + B a B' = 



(3.29) 



and the Bianchi identities d[^F yp \ = are 



imB a + inBp + B' g = 
EBp + im£ e -£4 = 
-EiSc + m£,9 — £^ = 
-Ei^g + m£ a — im£p = 



(3.30) 



We then have eleven equations for seven variables (the energy and the non zero com- 
ponents of the electromagnetic fields). Even if the system looks overdetermined these 
equations are linearly dependent. By expressing every function in terms of y{9) and E 
we obtain 

(0 fl -(m-l)cot0 + (n-l)tan0)2/(0)=O , E = —m — n (3.31) 
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The solution is square integrable for m,n > 1. In this case the contribution comes from 
the antiparticle in the mode expansion and the index is 



t 2 



1%) = V V t m+n y n - m = - — (3.32) 

(l-ty)(l-t/y) V ; 



m=l n=l 



If we consider a non abelian gauge group we must add an extra chemical potential 
for the gauge symmetry. Indeed since the index is a topological invariant the gauge 
coupling does not play any role and we only need to take care of the fact that the vector 
multiplet transforms in the adjoint representation. The gauge invariant combinations 
are given by the Plethystic exponential after integrating over the Haar measure [19, 20]. 

3.4 Squashed spheres 

The superconformal index on the squashed sphere is expected to coincide with the one 
computed in the round limit, up to a redefinition of the variables. Indeed this manifold 
preserves the topological properties of S 3 and this guarantees that the index does not 
change under squashing. 

This can be shown with a simple argument based on the definition of the index. 
Indeed the index on the three sphere is defined as 



X s sMt,v) = Tr (-1)* 'e-W^W* = £ Tr(-l)*t*- 2 V* 

BPS 

= Ti(-l) F t R+Ja+J e y Ja - J ? (3.33) 

BPS 

where J a = id a and Jp = id a are the generators of the two £7(1) 's in the Hopf fibration. 
By defining p = ty and q — tjy the index becomes (this change of coordinates has been 
first considered in [21]) 

1 S ^{va) = Y,Tr(-l) F p R/2+J «q R/2+J ? (3.34) 

BPS 

The same definition of the index on the squashed sphere is 
X s s xSl (t,y) = Tr(-lfe-^h H y 2j ^-l) 

= J2 Tr(-l)^(^)+^4r-t + #(M) (3.35) 



By defining p = {ty)°. and q = (t/y)<> the index on the squashed sphere is defined as 
(3.34) and its definition coincides with the one for the round expected. Then 

the index is expected to coincide because the two spaces have the same topology, and 
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the same BPS states contributing to the index in the round case contribute to the index 
in the squashed case. 

In this section we explicitly show this result by exploiting the power of our pre- 
scription for the identification of the BPS states. Indeed there are no known result 
for expansion in terms of harmonics on these spaces and a direct calculation is not at 
hand. 

We start by writing the fermion in the chiral multiplet as ip — (F and solve the 
equation ((F) = 0, where we expand F as F = e Et+ma+im ^ g 1 p(9), obtaining the 
following set 

9* = -^ (2abe lS m -(q-2) cot 29) + / + ^tt^ )) 

„/ _ 9± ( 2ab(q~2) r ( ae ie (2(m+l)-g) . ib(2aE+(2(n+l)-q)(l+i tan 9)) \ \ 
9ip 2ab I tan 26 ■* \ sin6» cos0 J J 

These two equations can be simultaneously solved if 

E=U 1 - + k)- 1 --l---T 

2 \a o J a o a b 

Square integrability requires the quantum numbers m, n > as in the case of the sphere. 
The mode contributing to the index is an antiparticle and its energy is = —E. By 
summing over the BPS states we have 

t (t/y)^(ty)^r 

h-—/ a7 TV {6.6 () 



'} - (t/y)*) (i - (fy)=) 

The equations for the scalar = e Et + iam + l f 3m g^O) become 
■p-Ar^k + f ( 2iabE + ^ ( ^ir 1 + 

2ab V tan 20 ■> \ \ sin cos 

2ab \ tan 20 V sm " V cos " 

They can be simultaneously solved if 



(3.38) 



q (\ 1\ n m , 
E =\{a + l)-- a -J < 339) 

with m,n < 0. This constraint fixes E^ — E and the index for the scalar field in the 
chiral multiplet is 

(t/y)%(ty)£ 



(*/v)*) (i-(«y)-) 



(3.40) 
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Note that the two single particle indices that we have found only depend on the 
two parameters (ty) l l a and (t/y) 1 ' b . Thus, the following redefinition of the fugacities 



a+6 a — b a — ba-\-b 



t ->t * y 2 , y ->• t 2 y 2 (3.41) 

gives X sphere = X squash . The transformation (3.41) does not modify the physical content 
of the index, because the fugacities are, a priori, arbitrary parameters. The only 
constraints come from the requirement of convergence of the index, and are given 
by ty < 1 and t/y > 1 [4]. Of course, the latter are preserved by equation (3.41) for 
positive a and b. 

On the squashed sphere, the gaugino equation (3.24) gives 

i§_ _ W_ 

Ai(0) = -j=h{6) — — + i , A 2 (0) = j=h{9) (ij-^ + z 

s/2 \bsm9 acos9J y/2 \ bsm.9 acos9 

E = _n_m =f(9)h(9) f-tanfl- ^cate) 

a b \a b J 

The solution for A is square integrable if m, n < 0, but we exclude the mode (m,n) = 
(0, 0) because it is identically vanishing. The sum over the gaugino states gives 

rr r s-TyS-? - 1 1 = z z Mi (3 42) 



\m=0 n=0 



For the gauge bosons the equations (3.26) become 

esc 9 sec 9Bq £g ... 

+ t = y( 9 ) 



ab f 
esc 9B a sec9£ a . . 

— 7-7 — I = ~ % sm 9 yip) (3-43) 

bf a 

sec 9Bp esc 9£p 



af b 

After applying the equations of motions 



i cos 9y{9) 



'msec 2 9£ a n esc 2 98 A £ e f , 
-if 1 — — - H 2 cot 29£ e - £ — 



E£f> = 



a 2 b 2 J f 

in esc 2 0R> im sec 2 



6 2 a 



2 



in esc 2 9 f 2 B e n „ Bgf „, 
^ + tanflBp + Ef £ a - -J- + B' p = 

imf 2 sec 2 9B e <v f 2o „, n 

+ cot 6>£5 Q + -E/ H -Dq = 



(3.44) 



a 2 ' " ■ - P ■ y 



-17- 



and the Bianchi identities 



imB a + inB/3 + B' e = 
EB/3 + imSe - £' a = 
EB a + inSg -£',3 = 
EBq + m£ a — imSp = 



(3.45) 



we find 



do fm 1 \ ( n 1 \ „\ ,^ ^ n m . , , 
cot 9 + - - — — tan J j/(0) = , £ = — (3.46) 



J (9) \b f(9j \a f(9)J ■ J ay J ah 

and the index is 

P b =2^1^* y a 7 TY7 a ( 3 - 47 ) 

^iti (l-(t/y) l b ) (l-(ty) L *) 

4 Example: reducing Ad indices to 3d partition functions 

In this section we revisit the reduction of the four dimensional superconformal index 
to the three dimensional partition function [22-24]. We will show that the reduction 
follows very easily, and the same argument can be generalized to other dimensions. The 
example of the round sphere can be found in [10-12]. 

For concreteness, we consider the index on S% x S 1 and show that it reduces to the 
three-dimensional partition function Z S 3 by dimensional reduction. In four dimensions 
we consider the multi-particle index for a chiral and a vector multiplet, that takes into 
account all the multi-trace gauge invariant combinations. The multi-particle index can 
be found by taking the Plethystic exponential of the single particle index (2.1) 



-E m .p. — Exp 



oo 
k=l 



l s . p .(t k ,y k ,f k ,g k ^ 



(4.1) 



Comparing to equation (2.1), we have added two more parameters to the single particle 
index: the fugacity / for the internal flavor symmetries and the one g for the gauge 
symmetry. In the rest of this section we consider only the f,y—tl limit. 

We start by looking at the contribution of the chiral multiplet. As we already 
pointed out the fields contributing to the index on x S 1 are the particle for 
the bosonic component and the antiparticle ijr for the fermionic component. If one 
component is in the p representation of the gauge group, than the other component is 
in the p. By recalling the single particle result 

1^=1^+ X 4 , = (t E *9 P ~ t E *9~ P ) (4-2) 

BPS 
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the multi-trace contribution to the superconformal index from a chiral multiplet in the 
p representation of the gauge group is 



OO j 

_fc=l BPS 



kE^+ikap ±kE^,—ikcjp 



(4.3) 



that becomes 



n 



1 _ fE^+iap 




n 



(4.4) 



I — fE^-iap 



E$ - iap 



BPS 



BPS 



where we identified the chemical potential for the gauge group g with t m , where a is 
the solution to the three-dimensional saddle point equations (or to the four-dimensional 
zero energy supersymmetry equations), which set a to a constant [22]. 5 

The product in (4.4) ranges over the set of BPS states. As we have seen, this set is 
labeled by the Cartan subgroup of the three-dimensional isometry group, which in the 
case at hand consists of the two U(l) symmetries U(l) a and U(l)p that rotate the Hopf 
angles independently. If we identify the fugacity t with e~ T , where r is the period of the 
time direction, then the limit in (4.4) corresponds to shrinking the time circle to zero 
size, i.e. to dimensional reduction. Indeed the right hand side of (4.4) is the one loop 
exact contribution of the chiral multiplet to the three-dimensional partition function 
found in [13]. The energies and E^ of the BPS states in four dimensions, obtained 
with the procedure explained in section 2, become the eigenvalues of the unpaired states 
in the three dimensional case. An analogous derivation can be performed for the vector 
multiplet. 

We expect that our correspondence and the reduction are more general than shown 
here and that they apply generically to M.d-\ x S 1 —> Aid-i 6 , provided at least two 
real supersymmetries are preserved. The result (4.4) should apply to any (d — 1)- 
dimensional theory, if its field content may be derived by dimensional reduction of a 
corresponding <i-dimensional model. The (d — l)-dimensional saddle points and the 
quantum corrections may be derived by the ci-dimensional analysis, but in the full 
partition function there may be an additional contribution, denoted S* in (2.2), due 
to a classical term which does not have an uplift to d- dimensions. This is the case, for 

5 The reason for setting g = t la , in our language, is the following. Till now, we solved the BPS 
equations in a vanishing gauge background, because we know that the gauge representation can be 
associated to another chemical potential in the index (also see footnote 4). However, we could have 
solved the BPS equations in the a =^ background and obtain that the energies are E' = E + iap. A 
comparison of the two methods shows that g goes as t la when the time circle shrinks. 

6 It would be interesting to study the same correspondence between the states on Md-n x T n and 
the ones on Md~ n x T" _1 . 
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instance, for the Chern-Simons term in the three dimensional case. However, once the 
(d — l)-dimensional action is known, one can plug the saddle point configuration in it 
and obtain also the classical term. 

It is interesting to compare with the known results in the literature. To the best 
of our knowledge, this is the first time that the superconformal index on a squashed 
sphere is computed explicitly. Of course, because it is identical to the one on the round 
sphere up to a redefinition of the fugacities, one can consider reducing the latter to 
the partition function on the squashed sphere. This is usually done by taking an ad 
hoc limit instead of the one in (4.4) [10]. Namely, we can reinterpret those results 
by stating that one can squash the chemical potentials without affecting the physical 
meaning of the index, and then take the natural limit t — > 1 to shrink the time circle. 
The necessary redefinitions are not known in general, and we believe that our results 
offer a very clean physical interpretation and can be easily generalized. 

5 The conjecture in other dimensions and manifolds 

From the discussion in section 4 we see that our results can be more general than stated 
until now. We propose that the same one-to-one map described there holds in more 
general cases, like in other dimensions, manifolds and for extended supersymmetric 
theories. 

Localization on a three-sphere does not give rise to any non-perturbative (instanton 
or monopole) contribution, and this is in full agreement with the BPS correspondence 
we have proposed. However the localizing term in different dimensions can lead to a 
sum over the instantons as happens, for instance, on the four-sphere. If our argument 
can be applied also in that case, the five-dimensional BPS equations should contain all 
the quantum information also about the non-perturbative states. 

In section 2 we have mostly focused on a three-dimensional manifold whose Cartan 
subgroup is U(l) 2 , and thus there are two well-defined quantum numbers, one can 
break the Cartan to U(l) and still preserve two real supersymmetries. In this case one 
has only one integer quantum number to sum over, and the BPS conditions will give 
constraints on its range. 

6 General partition functions via an uplift to an index 

We have observed above that the reduction of the superconformal index on M.d~i X S 1 
to the partition function on Aid-i highlights the relation between the BPS states in 
d dimensions and the d — 1 dimensional unpaired states. Equivalently one can obtain 
the three dimensional partition function on M-a-i by uplifting the supersymmetry from 
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Aid-i to M.d-i x S 1 . The <i-dimensional Killing spinors are independent from the S 1 
and the d dimensional unpaired states are preserved by shrinking the circle. Even if 
this procedure is similar to the reduction explained in section 2 it is interesting to 
investigate the problem in this way because it shows the relation of our construction 
and localization. Indeed the d — 1-dimensional saddle point equations coincide with 
the zero energy equations of the <i-dimensional problem. We now exploit this fact to 
simplify the computation of the exact partition function itself. 

Consider a <i-dimensional field theory and its dimensional reduction to J-d-i, 
which preserves the same amount of supersymmetry. 7 We can place T&-\ on a curved 
manifold M.d-i and localize the corresponding path integral to an at most finite dimen- 
sional integral by picking two real conserved supercharges and solving the corresponding 
equation |#0d-i | 2 = 0, where ip is any fermion of the theory. This is the same as picking 
the uplifted supercharges on Aid and solving for 



where ^ ~ Vl/d-ie is the set of fermions in the theory, and gives the loci that 
solve the saddle point equations in the path integral. Denote the latter by <3>* and the 
classical action S , ($*) = S*. The exact path integral on A4d-i is now given by 



where [d<fr] is the measure over the loci $*, and in general Dp and Db are respectively 
a first order and second order differential operator derived by a (d — l)-dimensional Q- 
exact action. Notice that we did not compute any Q-exact action, so we do not know 
the explicit form of Dp and Db, but we know that $* are their zero modes. In general, 
we should find the spectrum of their eigenvalues around the solutions of (6.1), and it 
turns out that many of them simplify between the numerator and the denominator 
in (6.2) due to supersymmetry. The ones that do not simplify are obtained with the 
procedure explained in section 2. 

To summarize we can derive the spectrum of eigenvalues necessary to compute 
the exact partition function in d — 1 dimensions (6.2) by finding the energy eigenvalues 
from a corresponding set of first order differential operators in d dimensions. We do not 
need the Lagrangian giving the equations of motion for J-^, but only the supersymmetry 
transformations of the matter multiplets that appear there. This means that we only 
need the uplift of the conserved supercharges, without worrying about the uplift of the 
Lagrangian. 

7 Actually, the action for Td-i may contain terms without an uplift to d dimensions. As we already 
stressed our results also hold in those cases. 



E=0 









(6.2) 
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A More on the gauge field contribution 

In this Appendix we show a different approach to compute the contribution of the 
gauge field to the index. We focus on the four-dimensional case of S 1 x S^, and the 
round sphere can be obtained by taking the a, b — > 1 limit. 

As explained in the main text, our method relies on finding a map from the bosonic 
modes to the fermionic ones such that their contributions to the index cancel out, and 
the unpaired modes are identified with the BPS states. We have seen that the normal 
modes of the gauge field strength can be mapped to the gaugino modes. Among 
the unpaired modes of the gauge field strength, those which also satisfy the Maxwell 
equations are the BPS modes. Here we offer another interpretation for the latter. 

Besides the map between the gauge and the gaugino, we can find another map 
that relates a mode of the gauge field strength to a fermion with the same (H, H, J 3 ) 
quantum numbers 



The field x is a pure supergauge field, i.e. it is set to zero in the Wess-Zumino gauge. 
For this reason it does not belong to the Hilbert space and every gauge field such that 



5 X = 



(A.l) 








(A.2) 



can contribute to the index 



The solution to this equation is 








Et+i(na+m/3) 



(A.3) 



,Et+i(na+mP) 
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where the first line is a gauge choice and Y{9) is to be determined. Then the two 
equations a^ u F^ v ( = for Y{6) give 

„ n m ,. 

E = A.4 

a o 

for n,m < 1. This is the same result that we obtained in section 3. Notice that equation 
(A. 2) is satisfied by the pure gauge configuration ty, = that appears in equation 
(3.22). 
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